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We study a simple diffusive process in which the diffusivity is discontinuous across an interface interior to the domain.
In many situations, the location of the interface is measured at a small number of locations and these measurements
contain error. Thus the location of the interface and the solution itself are subject to uncertainty. Further, the location
of the interface may have a strong impact on the accuracy of the solution. A Monte Carlo approach is employed which
requires solving a large number of sample problems, each with a different interface location. To solve these problems,
a mixed finite element cut-cell method has been developed that does not require the mesh to conform to the interface.
An efficient adjoint-based a posteriori technique is used to estimate the error in a quantity of interest for each sample
problem. This error has a component due to the numerical approximation of the diffusive process and a component
arising from the uncertainty in the interface location. A recognition of these separate sources of error is necessary in
order to construct effective adaptivity strategies.
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1. INTRODUCTION

We address a commonly encountered situation in which a small number of experimental measurements are used to
specify a continuous input function to a complex physical problem. These experimental measurements may define
for example, the geometry, material properties, boundary conditions or forcing functions. Based on these uncertain
data, we construct a stochastic model for the problem. A typical Monte Carlo approach assumes a probability distri-
bution for the input function and draws random samples from this distribution. The physical problem is formulated
for each random sample and solved by an appropriate numerical method, and a quantity of interest is calculated based
on the numerical solution. Ignoring inadequacies in the model itself, the so-called “modeling error”, uncertainty in
the quantity of interest arises from both the error in the input function and from the error introduced by numerical
approximation. These errors are not independent, since the numerical error will vary according to the value of the
input function. A general framework for problems of this nature, including probabilistic bounds on the approximate
cumulative distribution function for the quantity of interest is developed in [1]. It requires however, that a distinct
adjoint problem be solved for each realization of the physical problem. The advantages to be accrued from identify-
ing the error in large computational problems into components that arise from distinct sources has been previously
recognized by several authors including [2], and more recently by [3] who use a sensitivity analysis to determine the
relative sizes of each contribution.

Here, we consider the situation in which a well-defined deterministic physical problem exists, if only one were
able to describe it with sufficient precision. In many situations this is impractical or impossible and the problem can
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only be formulated with uncertainty. We focus on situations in which the continuous input function prescribes the
differential operator defining the problem rather than simply establishing a forcing function or boundary condition.
To provide a specific context, we consider the diffusive process

-V - (a(x)Vp) = f, inQ, .

p=g, ondf, )
in a convex polyhedral domain 2 € R? with boundary 952 that consists of two distinct materials with different material
properties separated by a smooth interface I" interior to 2, as shown in Fig. 1. We assume that the diffusivity a(x)
changes discontinuously across I' but require that the solution be continuous and have continuous normal flux across
. Specifically, we assume that a is smooth in each subdomain of {2 determined by T, a(x) has one-sided limits at T",
and a(z) is bounded below by a positive number. We also assume that f € L?(Q2) and g € H'/2(9Q). Finally, we
assumep € W = L*(Q) and uw = —aVp € V = H(div; Q) = (u € (L*(2))? : divu € L?(Q2)). Such problems
arise in many contexts, e.g. flow of oil reservoir through heterogenous porous media [4-6], the elastic [7-9] and
thermal [10] properties of composite materials and the modeling of nuclear fuel rods [11-13].

T —

Q

FIG. 1: The domain for the interface problems.

Locally conservative methods, and in particular finite volume methods, are popular in many application domains
for diffusive and transport problems. Finite volume methods are generally easier to construct and implement on
regularly-shaped discretizations, leading to “cut-cell” techniques in which an interface cuts through the discretization
cells. In previous work [14], we developed a cut-cell finite element method, the Mixed Finite Element Cut-Cell
(MFEC) method that is equivalent to the Ghost Fluid Method in simple cases. We extend our earlier work to the
situation in which the interface location is not known everywhere, but is identified by its location at a small number
of points P, and further, the locations of these few points are not known precisely. To simplify matters, we assume
that the definition of a(x) is known exactly on either side of the interface, as well as other data such as the source
and boundary terms. Therefore, the only uncertainty arises due to the location of the interface. However, the location
of the interface strongly influences the accuracy of the solution. We refer to this problem as the stochastic interface
problem.

We construct a penalized spline approximation [10, 15] to the interface location based on P measurements of the
interface location. We then assume a given statistical model for the (independent) errors of these P measurements
and construct N realizations of the interface, thereby defining N “sample” problems. The error in the quantity of
interest for each sample problem is determined as the sum of the modeling and discretization errors associated with
a “nominal” problem, and the error associated with the difference between the nominal problem and the sample
problem. Both require the solution to an adjoint problem to define a generalized Green’s function. (The role of the
Green’s function in uncertainty quantification for steady state flow in randomly heterogeneous porous media such
problems has previously been recognized by [16, 17]. Efficient techniques for computing the Green’s function in
this context are developed in [18].) Our approach enables the dominant source of error in the quantity of interest to
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be determined, which may be either the finite element discretization or the uncertainty in the measurements of the
interface location. We demonstrate the accuracy of our a posteriori error estimate for a range of situations.

In Section 2 we define the interface problem and the construction of the interface based on a small number of
experimental measurements. In Section 3 the Mixed Finite Element Cut-Cell method proposed in [14] is outlined.
The error analyses for the nominal and sample problems are performed in Section 4. Numerical results are provided
in Section 5 and our conclusions are presented in Section 6.

2. PROBLEM DESCRIPTION

We begin by stating the deterministic elliptic interface problem, in order to introduce notation used for the stochastic
interface problem. The diffusion coefficient a(x;I") : © — R depends both on the spatial variable x €  and
implicitly on the interface I' which partitions the domain €2 into two connected subregions. The interface is defined
as ' = {x : y(x) = 0} for some functiony : Q — R3. The diffusion coefficient is defined piecewise on either side

of the interface as,
) < 07
oy - { @ V@) o
ap(z), v(z)>0.

The deterministic elliptic interface problem is defined by

=V - (a(®)Vp) =f, xeQ\T,

[p] =0, =z €T, 3)
[a(x)Vp-n] =0, xcT,
p=g, x¢€ I,

for some source term f and boundary conditions g. Note that the state variable p and the flux a(x)Vp-n are continuous
across the interface. This assumption is made throughout the paper and so these conditions are not explicitly stated
below.

2.1 Spline approximation to the interface

In most situations an interface will be known only through a finite number of measurements (z;, y; )2, located along
the interface. Furthermore, these measurements will be subject to error. To construct a spline interpolation we first
introduce an approximate arclength parameter s;, where

s1=0, si=si1+V(@i—2i1)2+ Y —yi1)?, i=2,...,P,

to give (x(s;), y(si))Z ;. We use penalized splines (P-Splines) [19] to approximate the functions z(s) and y(s) which
define the interface.

The penalized spline method uses a model function y = m(x; 3). The parameters 3 € R are determined such
that they minimize a least squares error term and a penalized regularity term given by

P

> [yi = m(xi; B))* + AD(m(x; B)). “

i=1

The regularity function D can have many different forms, all of which aim to smooth the spline. The smoothing
parameter A determines the relative weighting of the least squares error and the regularization terms. Here

K

m(z; B) = Bo + B1z + Baz® + Bsa® + > Barr(e — ki), ®)

k=1
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where K is the number of knots in the spline, kj, are the knot locations and D penalizes the parameters 331 %, k =
1,..., K. We therefore seek to minimize the function

P

K
> Iy = m(zi; B +AD B3, 6)
k=1

i=1
The smoothing parameter A is selected so as to minimize the Generalized Cross Validation (GCV) statistic, defined by

P i — mai; BOV)J2

GOV = — = pwspE

)

where S(A) = X(XTX +AD)1XT € RP*P X e R” is the vector with elements z;, i = 1,..., P and B(}) is
the vector of coefficients which minimize (6) for a particular A. Let A be the optimal smoothing parameter such that
the GCV is minimized. We approximate A by establishing a grid of 100 values of A from 1012 to 1012, and choosing
the value of lambda from that grid which yields the minimum value of the GCV [19].

The knots ki were uniformly spaced throughout the domain. We examined the number of changes in concavity in
order to determine the number of knots need to reproduce the required shape. As a rule of thumb we chose one knot
per change in concavity which works well for most shapes.

2.2 Sample problems

We now consider a random interface I'(Z) which is dependent upon a random variable Z. The diffusion coefficient
corresponding to the random interface I'(Z) is

an(z), y(x;Z) <0,

ap(@), (@ 7)>0 ®

a(@;T(2)) = {

The random interface I'(Z) represents uncertainty in our knowledge of the location of the interface. The stochastic
interface problem is then given by

-V (a(z;T(2))Vp) = f, =€ Q\I'(2),

9
p=g, x€cI. ©)

Given a set of measurements of the interface location, (:cgn), yl(")), 1t =1,..., P weuse P-Splines to construct an

interface I'(™), a sample from the distribution of interfaces I'(Z), and define the following sample interface problem,

~V-(a™vpm™) =f xeQ\IM,
( P ) f \ (10)
p"M =g, xe€d,

where () = a(x; (™).

2.3 The “nominal” problem

For the error representation formulae derived in §4, we require an approximation of the true interface. We construct
the nominal interface I' as the P-Spline whose coefficients are the mean of the coefficients of all sample interfaces.
The nominal interface problem is -

p=g, x€IQ,

where @ = a(x,T") is the nominal diffusivity coefficient.
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3. THE MIXED FINITE ELEMENT CUT-CELL METHOD (MFEC)

The Mixed Finite Element Cut-Cell (MFEC) Method was developed in [14] and uses a fixed (rectangular) grid rather
than a grid that is adapted to the interface. This leads to a “cut-cell” problem which is particularly appropriate for our
current purposes since the finite-element grid is independent of the precise location of each realization (sample) of the
interface.

3.1 Constructing the model problem

The MFEC method approximates the discontinuous diffusion coefficient a with a model problem having a continuous
diffusion coefficient a,,. The model coefficient differs from a only within a modeling domain €24, the boundary
of which coincides with cell boundaries. Within the modeling domain, a,, is a continuous, positivity preserving
interpolant defined according to Algorithm 3.1. The model problem is then solved using a mixed finite element
method with specially chosen approximation and quadrature to produce a solution which is nodally equivalent to a
cell-centered finite volume method.

Algorithm 3.1. [Constructing the model diffusivity coefficient a, in ;. ]

1: The modeling domain €24. A “cut cell” is a cell that is either cut by the interface or a cell that is adjacent to a cell
that is cut by the interface. The modeling domain is the union of all cut cells.

2: Cell centers in (4. The value of a,, at the center of each cell in ) is the average of a in that cell.

3: Midpoints of cell boundaries. The value of a,, at the midpoints of cell boundaries between two cells in {24 is set
by one of two methods. If the interface lies between the two cell centers then a,, is the harmonic average of a at
the two cell centers. Otherwise, a,, is the normal average of a at the two cell centers.

4: Cell vertices. Two diagonal lines, each connecting two cell centers pass through every vertex. The value of a,,
at the cell vertex is the (normal) average two values that are calculated along each diagonal. The value assigned
to each diagonal is either the harmonic or normal average of a at the two cell centers connected by the diagonal.
The choice of averaging technique is the same as in Step 3. If the interface cuts the diagonal line connecting the
cell centers, the harmonic average is used. Otherwise, the normal average is used.

5: Remaining values. The remaining values of a,, lie on the boundary of 24. The value of a,, is set by evaluating a
at these points.

Since a biquadratic interpolant can allow negative values in between the interpolation nodes, we use a positivity
preserving, rational polynomial within {2, to interpolate the nodal values calculated via Algorithm 3.1 in order to
ensure that the model coefficient is positive at all points within the domain.

3.2 The mixed finite element method

The model problem corresponding to the nominal problem (11) is

—V - (@ VDm) =f, x€Q\T,
{ ( P )=f \ (12)
Dm =g, « € 0N.
In order to solve (12) using a mixed finite element method, we introduce an auxiliary variable w,, = —a,, V., and
the function spaces
W =L3Q), V = H(divQ).
In weak form, equation (12) becomes: Find (py,, ) € W X V such that
(@, m, v)q — (Pm, V- v)g = —(g,v-n)pqg YvEV, (13)

(V . ﬂm,’w)gz = (f, '(U)Q YweW,

Volume 1, Number 1, 2015



6 Collins, Estep & Tavener

where (-, )q and (-, -) o represent the L2(£2) and L?(952) inner products respectively. We use the first-order Raviart-
Thomas spaces, Wj, C W and V}, C V [20, 21] and specific quadrature to produce a finite element scheme that is
nodally equivalent with a cell-centered finite volume method [22].
The MFEC method for the model problem corresponding to the nominal problem (11) is: Find (P hy Wm,n) €
Wy, x V}, such that
(@ U, V)0, — (Prmohy V- n)a = —{(g,vn - N)oam Y vn € Vi, (14)
(V- n,wn)o = (f,wn)om,m, ¥V wn € Wh,

where M is the midpoint rule, M;,T; represent the midpoint and trapezoid rule respectively in the ith coordinate
direction, and

(v,w)a,q = (Vo, we)o,1, M, + (Vy, Wy)a M, T, , (15)
where v = (v, v,) |, w = (w,,w,) .
Similarly, the MFEC method for the model problem corresponding to each sample interface problem (10) is: Find
(pig)h, (n) ) € Wy x V3, such that

-1 (n "
(at ugn_;h,vh)ﬂ ~ (s, vh)g (g onm)oar Vo€V,
,Q (16)

(v um h’wh)Q = (fvwh)Q,MwMy VU}h S Wh,

where aﬁ,’f ) is the model diffusion coefficient associated with the sample diffusion coefficient a(m),

4. ADJOINT BASED A POSTERIORI ERROR ESTIMATION
Consider a linear quantity of interest, Q(p) = (p,)q for some P € L?(f2). Defining 61(7") =p— pfg_’)h to be the

pointwise error, Q(eé”)) = (eé”), 1P)qn. Note that errors are defined relative to the exact solution of the nominal
problem. We first derive an error estimate for the approximate solution to the nominal problem (11) and then obtain
two estimates for the error for each sample problem (10).

4.1 Error estimation for the nominal interface problem
We begin by defining the adjoint to the nominal problem which is,
a1 '@u -V, =0, z€Q\T,
V- -@u=1, 2€Q\T, a7
(Pp,v-M)oo =0, x€dQ, VoveHdv;Q).
This adjoint problem is used to determine the error representation formula for the nominal problem.

Theorem 4.1. [Error estimate for the nominal interface problem]
Let (p, @) and (Prm,n, Um,n) satisfy (11) and (14) respectively. Also, let (@, @,,) satisfy (17). Defining the error to
be &, = p — Py, n, We have

(épvlb)ﬂ = (f7 Pp — (f) ) < ( - 7T‘bu) : >BQ - (d;l'am,ha Oy — W‘f’u)Q,Q
+ QEL(Qu) + QE2(T@y) + QE3(POy) (18)
+ ((d:nl - dil)um,ha (Pu)QyQ )

where
QEL(v) = (@ ", v)0,q — (@ 'Um,n, v)a,
QE2(v) = (g,v - n>aQ,M —(g,v - n)sq, (19)
QE3(w) = (f,w)a — (f,w)a,m,
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and P and 7t are projections onto the finite element spaces W}, and V, respectively.

Proof. The derivation of the error representation formula (18) is similar to the derivation in [14]. The difference is the
order in which terms are added. For the proof, we define €,, = 4 — u,, . Then from (17) and integrating by parts,

(@ W) = (85, V- @u)a + (@~ 'eu, Pu)a + (V- Eu, §p)a [by (17)]
= (f,0p)a — (9, @u Moo + Pmn, V- @u)a — (@ U n, @u)a — (V- Ui, Pp)a
£ (@ bmp, Pu)og  [by (13)]
= (£, ®p)a — (9, @u-1)o0 + Pm.p, V- @u)o — (@  Ump, Pu).Q — (V- Bm,h, Pp)o (20)
+ QE@u) £ (dy, tmh, Pu)0,Q
= (f,@p)a = (9, ®u )00 + (Pin,ns V- @) — (G Won s @)@ — (V- B, @)
+QEL(@u) + (A, —a )l ®u)g -

The remaining terms are obtained by the use of (14) and (15), i.e., by Galerkin orthogonality.
O

Equation (18) represents a minor improvement to the error representation formula presented in [14]. Since the
forward solution and therefore the error €, depends upon the value of a,, at the quadrature points alone, we have
modified the representation formula so that all integrals involving a,, are evaluated using the appropriate quadrature.

4.2 Error estimation for sample interface problems

We derive an error representation formula for each sample problem (10) by representing the error in the quantity of
interest as the sum of the error due to the approximation of the nominal problem and the error due to the difference
between the nominal and sample solutions. In order to calculate the contribution due to the difference between the
nominal and sample solutions, we require the solution to the adjoint problem associated with the discretized model
nominal problem: Find (®p 1, @w.n) € Wi x V}, such that

(@ @unsVn)0,0 + (@ph, V-vp)oa =0 Yoy, € Vi, @1
—(V-@un,wn)o =, wp)o Yw, € W

Using the solution to (21), we obtain the following error representation formula for each sample interface problem.

Theorem 4.2. [Error estimate for a sample interface problem]
Let (pisy)h, ugsy)h) be the solution of (16) and (@, 1, @) satisfy the adjoint problem (21). The total error eé”) =

p— pf:z)h is the sum of the nominal error €, = p — Py, 5, (see Theorem 4.1) and the sample error e, ;, = Dy, — pgs)h,

ie.,
(eén)all)) = (épall)) + (agg - a;nl)ugs,)h’ (bu’h)Q7Q ’ (22)

nominal error

sample error

Proof. Adding and subtracting (P, p, ),

(B2l 0), = (0= Pr) + B =500 0) =)o+ (P —plhe®) - @3)

Q

The first term is obtained from Theorem 4.1. The second term depends on the difference between the nominal and
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sample interfaces. Using the adjoint solution (@, @), we obtain from (21) and integration by parts,

(pfg_’)h - ﬁm,ha l-l))

= —(pﬁff)h — Pmh, V- @uh)o

(@ 1(U( )h —Umh), Pun),Q + (Ppr, V- (u in)h — Um,n))0

+
= (a,,'u fn b Puh )00 — (pf,?,)h, Vo @un)o — (@ @m b @un)0,0 + Bmns V- @un)o
+ (Pp,n, V- (uss)h — Um.pn))o
= (@ uy,

1Um)h, Puh)0,Q — (Pfg_,)h, Vo @un)o + (9, @un - m)oo,m

(V- ), = Tm) Gpi)a [by (@) @)
= (G, lufn)}w Pun)0.Q — (Pf,il,)ha V- @un)a+ (9, @un - M)oom
+ (a0 u,, m,mn,Q [by (14)(b) and (16)(b)]
= (g, ®un Moa,n + (all) ul” )h, Pu,n),Q — (pg:;))h, V- @un)a
+ (@ — a0 Yl Pun)go  [by (16)@)]
= (@n - a%”_l)ug,)ha ‘f’uvh)sz,Q'
O

Note that the adjoint solution appearing in the second term of Theorem 4.2 is @, , which depends on the nominal
problem and is independent of the particular sample problem. The result for a general linear operator is given in
Appendix A.

While it does not require adjoint solutions to each sample problem, Theorem 4.2 does require the approximate
solution to the sample problem, uisy)h. If the cumulative distribution function for the quantity of interest is sought,
then this is not an issue since the solution to each sample problem is required. Further, the fact that the modeling
domains for the nominal problem and the sample problem should be close together can also be used to advantage.
Denote the modeling domain for the nominal interface and the sample interface by €, and inn) respectively. The
mass matrix to solve for the sample problem is equal to the mass matrix for the nominal problem, outside of the region
Qg = Qg U an) since the diffusivity coefficients for the two problems are equal outside of this region. This saves a
considerable amount of cost assembling the mass matrix for each problem.

However there are situations in which a cheap estimate of the cumulative distribution function for the errors in
the quantity of interest would be useful, even in the absence of the cumulative distribution function for the quantity of
interest itself. A cumulative distribution function for the errors in the quantity of interest could provide, for example, a
confidence bound for the error in the quantity of interest for any particular sample. Based on the following lemma, an
approximate error bound can be constructed given an assumption that every sample interface lies close to the nominal
interface.

Lemma 4.1. [ <p}::roximation of the sample error]
Let @, ; and u,,, satisfy (14) and (16) respectively and || - ||, be the norm generated by the discrete inner product
< 5 >Q)Q Then

__ n)— 1L n) -
((aml - a( ) )ugn)h’ ‘Pu;h)sz,Q =

-1 (n) 1 -1 (n)~1)2 (25)
((am )Um ha(pu h)QQ +O(Ham — Gy ||Q,Q)'
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Proof. First we write the left side of (25) as

—— n)~ L (n) =
(aml - G’Sn) )um » Pu,h =
( by Pu )Q,Q 26)

=— n) 1\~ - =— n)~1 n ~ =
((aml _ agn) )um)h, (Pu,h)QQ + ((aml _ agn) )(ufn.’)h — um)h)7 (pu7h)Q7Q.

We apply a similar strategy to that found in [14] to the second term on the right hand side. Subtracting (16) from (14)

we obtain,

—1 - n)~ 1 (n _ n
(@ @, — @l uin?h, vR)0,Q — (Pm.h — Pf,l,)ha Vovp)a=0 Vo, €V,

(n) 27
(V- ('am,h - um_’h)awh)ﬂ =0 Y wy, € Wy,
Choosing vy, = U, p — uSZ?h and wy, = Pmp — pgs?h, (27) simplifies to become
——1/— n _ n —— n)—1 n _ n
(aml (W, — uin,)h)’ Um,h — ugn.,)h)Q,Q = ((aml - G’Sn) )ufn,)hv Um,h — uin,)h)Q,Q' (28)
Taking the norm of both sides we obtain,
n __ n —1
[ = wihlo.q < Cllaz! = )™ o.q- 29)
Therefore, ) .
((ay' — alm )(u% — Upm,h), (b'u,h)Q,Q = O(|a,," — al ||?2Q) (30)
O

Lemma 4.1 shows that we can replace ug:;)h in Theorem 4.2 with u,, 5 by ignoring a higher order term and

therefore, under these circumstances, it is unnecessary to solve the forward problem for each sample problem in order

to compute the error in each sample problem. The computation for the error representation formula can be further

-1
simplified by noting that a,,' — aS,’; )" is zero outside of Qg4, the modeling domain. We arrive at the following

approximate error representation formula.

Theorem 4.3. [Approximate error estimate for a sample interface1 problem]
Let (P, @ ) be the solution of (14) and (@1, @u.n) satisfy (21). If [|a;t — a'n 18, is small compared to

n -1 _ _
(@, - o™ LTI (Pu,h)QQ, then
_1 _ _ _
€M) = () + (@ —ay ) mn, (Pu,h)Qd_’Q . (31)

——

nominal error

approximate sample error
Proof. Follows directly from Theorem 4.2 and Lemma 4.1. o

The computational cost of evaluating the error representation in Theorem 4.3 is small since we must only evaluate
the second term at the quadrature nodes within the modeling domain.

5. NUMERICAL EXAMPLES

We first present numerical examples that demonstrate the accuracy of the error representation formula in Theorem
4.3 for individual sample problems. We then use Theorem 4.3 to approximate the cumulative distribution function
(cdf) for the error in the quantity of interest and assess the accuracy of our approximate cdf. Finally we examine the
conditions for which Theorems 4.2 and 4.3 are applicable.

For each of the examples below, the following computational parameters are used unless otherwise stated. Our
domain is given by © = [0, 1] x [0, 1] and we discretize uniformly in both the x and y directions with a grid size of
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h = % to solve the forward problem. To solve the adjoint problem we discretize uniformly with a grid size of % Both
the forward and adjoint problems are solved using the MFEC method outlined in Section 3. The quantity of interest
is chosen to be the average of the solution over the domain.

We define the true interface I to be the zero level set of a function y(z, y). The diffusivity coefficient is constant
on either side of the interface,

aJr’ Y(I’ y) > 07
alz,y) =1 (32)
a”,  y(z,y) <0,
where a™ = 1 and @~ = 10. The boundary term g is identically zero and the forcing term f is a function of y(z, y)
and is chosen such that the exact solution is
1

play) =4 9 (33)

" r(z—-1)yly—1)v(z,y), vy 0.

The exact solution is therefore continuous across the true interface I'.

We simulate experimental measurements of the interface location and use those measurement to construct a spline
that approximates the location of the interface as described in Section 2.1. For each sample interface I'(""), we obtain
P = 10 uniformly spaced points (z;,y;)¥; from the true interface I'. The coordinates of these points are perturbed
by adding independent normally distributed random error resulting in “measurements” given by

a:z(-n) =x; + e(n)

o a9
yz( = Yi + ez(',y)’

(n) 2

where €,/ and el(-z) are sampled from a normal distribution with zero mean and variance o~.

The effectivity ratio
_ Estimated Error
~ Exact Error
is used to measure the accuracy of the error estimator. The more accurate the error estimate, the closer £ is to one. We
plot the difference between the effectivity ratio and one, i.e., |1 — £| in order to more clearly demonstrate our results.
Exact integration of the coefficient @~ ! is required in the error representation formula. Since these coefficient are
discontinuous, typical Gaussian quadrature does not suffice and we use the midpoint rule on a highly refined mesh
within the cut cells.

5.1 Error estimation using Theorem 4.3

We begin by demonstrating the approximate sample error representation formula in Theorem (4.3) for sample in-
terfaces near the nominal interface. In §5.1.1 we simulate measuring the radius of a circle with true radius r. This
generates a one parameter family of sample interfaces, each of which is a circle with a measured radius (™). In §5.1.2
we simulate measurements on the boundary of a circle and construct a spline approximation to the circle as explained
above.

5.1.1 Measurements of the radius of a circle
The true interface of a circle centered at (g, yo) with radius r is given as the zero level set of the function

Y(z,y) = (z — 20)* + (y — w0)* — 1°.

For the true interface I', we use a circle centered at (0.5,0.51) with radius 7 = 0.32. For simplicity, we choose
the nominal interface T' = T" for this example. The sample interfaces I'(") are obtained by simulating measurements
of the radius of a circle. Therefore, each sample interface is a circle centered at (0.5,0.51) with radius (") given by

) = 4 ™ with ™ ~ N(0,0.1).
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FIG. 2: Difference between the effectivity ratio of the error estimate and one, |1 — £|, for the interface problem for
50 measurements of the radius of the circle.

In this example the forcing function f(™ is defined differently for each sample problem and is determined using (33).
This requires an extra term in the error representation formula equal to

(f™ = £, 0p)0 — (f™ — f, @pn)ons, u,

which represents the difference in source terms f and (") for the nominal and sample problems respectively.

Figure 2 shows the difference between the effectivity ratio and the ideal value of one. Note that the near the radius
of the nominal circle (r = 0.32), the error estimator performs well. However the accuracy of the error estimator
decreases as the difference between the sample and nominal interfaces increases.

5.1.2 Measurements of the boundary of a circle

In this example we simulate measurements of the boundary of the circle at P = 10 locations as described above and
using a value of 0> = 0.01. An exact solution is not available for the nominal problem and we approximate an exact
solution with Pexact using a highly refined approximation. To calculate pPexact We discretize the grid uniformly with a
grid size h = &, and use the MFEC method to solve (11).

Figure 3 shows the difference between the effectivity ratio and the ideal value of one for 50 samples of the
measured circle. Noting the scale, we observe that the effectivity ratio is close to one for all samples.

5.1.3 Assessing the range of applicability of Theorem 4.3

We now consider an interface that is defined as the zero level set of
v(z,y) = 8(x — 0.09)(2* — 0.29)(2* — 0.75)(z — 1.2) — y + 0.55. (35)

This interface is shown in Figure 4. Note that this interface is qualitatively different from the circle in two ways.
Firstly, it is not a closed curve and enters the domain at one boundary and leaves at another. Secondly, there are two
changes in concavity for this interface whereas the circle has no changes in concavity.

We use this example to consider the effect of the variance of the measurements on the error. We start with a
variance of 02 = 0.01 and increase it to 02 = 0.2. For each value of the variance, we estimate the error for N = 50
samples and also calculate the exact error for those same sample interfaces in order to calculate an effectivity ratio.
Table 1 shows the average error in the effectivity ratios for the error representation formulas presented in both Theorem
4.2 and Theorem 4.3. If Theorem 4.3 is used, the accuracy of the error estimator decreases as the uncertainty in the
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FIG. 3: Difference between the effectivity ratio of the error estimate and one, |1 — £|, for the interface problem for
50 sets of measurements of the boundary of the circle at P = 10 locations.
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FIG. 4: The exact polynomial interface for y(z, y) given by (35).
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o? Thm. 4.2 | Thm. 4.3
0.01 | 1.43e-02 | 2.75e-02
0.05 | 1.58e-02 | 1.48e-01
0.1 4.79e-02 | 1.57e+00
0.2 2.91e-02 | 1.93e+00

TABLE 1: Mean of the difference between the effectivity ratio of the error estimate and one, |1 — £, for different
values of the variance in the measurement error using Theorems 4.2 and 4.3.

measurements increases. The error estimator is consistently accurate for all values of the variance if Theorem 4.2 is
used.

It would be useful to have a method of determining a priori when the approximate error representation formula
in Theorem 4.3 can be used, and when the uncertainty is too large and Theorem 4.2 must be used. There is currently
no analytical method of determining this, however if both error estimates are computed for a small number of sample
problems, their results can be compared. If the error estimates are similar, it can be reasonably assumed that the
approximate error formula is appropriate to use. However, if the two error estimates are very different, than the exact
error representation formula should be used to ensure accurate calculations.

5.2 The cumulative distribution function for the error using Theorem 4.3

To approximate the cumulative distribution function for the error in a quantity of interest, we use Theorem 4.3 to
estimate the error in the quantity of interest for N sample interfaces. These error estimates Q(e(™), n = 1,..., N
are used to approximate the cumulative distribution function using the estimator

N

D I(Q(e™) < 1), (36)

i=1

Fr(t) = 5

where [ is the indicator function. To approximate the exact cumulative distribution function F'(¢), we approximate
the exact error as described in Section 5.1.2 for a large number of samples Nexacr > IV and use the estimator (36).

5.2.1 Measurements of the boundary of a circle

We revisit the circle example with the same forcing function and discretization and choose a variance of 02 = 0.01.
To approximate the cumulative distribution function we use N = 200 samples. Since the exact cumulative distribution
function is unknown, a higher quality approximation to the exact cumulative distribution function is computed using
Dexact ANd Nexaer = 2000 samples.

The “exact” and approximate cumulative distribution functions are shown in Figure 5. In Table 2, we measure the
accuracy of our approximate cumulative distribution function using &£, and €2, defined by

s Mean of Fiy(t) _ Variance of Fy (t)
M7 Meanof F(t) ° ~°  Variance of F(t) '

which indicate how accurately the mean and variance of F'(t) is estimated by Fi (¢). For accurate estimators, these
ratios would be near unity. We observe that the mean is well estimated, but the variance is not. This is largely due to
the relatively small number of samples which result in the exact cumulative distribution functions having longer tails
than the approximate cumulative distribution functions.
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FIG. 5: “Exact” and approximate cumulative distribution function for the errors in the quantity of interest using

Theorem 4.3 for 200 sets of measurements of the boundary of the circle at P = 10 locations.

Interface En Ex2
Circle 1.00e+00 | 4.65e-01
Polynomial | 1.00e+00 | 9.78e-01

TABLE 2: Effectivity ratios for the mean and variance of the cumulative distribution function for two interfaces.
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FIG. 6: “Exact” and approximate cumulative distribution functions for the errors in the quantity of interest using

Theorem 4.3 for 200 sets of measurements of the polynomial interface at P = 10 locations.

5.2.2 Measurements from the polynomial interface

Here, the measurements are uniformly distributed across the interface and are perturbed by a Gaussian distribution
with zero mean and variance o = 0.01. We approximate the cumulative distribution function using N = 200
samples. An exact solution to the nominal problem is obtained with a grid size of h = 6—14 and F'(t) is computed using
Nexact = 2000 samples. The exact and approximate cumulative distribution function lie very close to each other as
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seen in Figure 6 and from Table 2 we see that in this example both the mean and variance of the error are estimated
well by the approximate cumulative distribution function.

5.3 Nominal error vs sample error

Finally we consider the competing effects of the discretization size h and the variance of the measurement error o

on each of the nominal and sample errors and on the total error. If we refine the discretization grid, but use the
same value for the variance of the measurement error, eventually the measurement error will dominate. At this point,
more accurate measurements are needed to decrease the total error. Conversely, if we have a fixed discretizetion and
decrease the variance of the measurement error, eventually the discretization error will dominate. For the following
results, we use the polynomial interface.

5.3.1 Grid refinement with a fixed variance for the measurement error

We fix the variance of the error in the measurements at 0> = 0.03 and consider grid sizes of h = %, %, and 3%

For each of these grid parameters, we estimate the error using Theorem 4.3 for N = 200 samples. The nominal
error, the expectation of the sample error and the expectation of the total error are shown in Table 3. Obviously as h
decreases, the nominal error decreases since the nominal error depends on the discretization. The measurement error
however is essentially independent of the mesh size, i.e., remains constant as the grid is refined since it depends only
on the difference between the sample problem and the nominal problem. For coarse discretizations, the nominal error
dominates, but as the grid is refined, the measurement error eventually comes to dominate. Beyond this point, the
total error stops decreasing and there is no advantage to further refining the grid. Instead, to reduce the error we must
obtain more accurate measurements.

h E(|Total|) | |[Nominal| | E(|Sample|) | Ratio
1/4 7.29e-02 6.97e-02 1.08e-02 0.15
1/8 3.38e-02 3.58e-02 7.63e-03 0.21
1/16 | 1.00e-02 9.19e-03 8.01e-03 0.87
1/32 | 8.09¢-03 2.30e-03 7.88e-03 342

TABLE 3: The expectation of the absolute value of the total error, the absolute value of the nominal error, and the
expectation of the absolute value of the sample error for N = 200 samples using Theorem 4.3. The ratio is the
expectation of the absolute value of the sample error to the absolute value of the nominal error.

5.3.2 Increasing the variance of the measurement error with a fixed mesh

We now use Theorem 4.2 to estimate the error components for a fixed mesh size as the variance of the measurement
error is increased. The results for N = 200 samples are shown in Table 4. We see that the error in the nominal solution
remains essentially unchanged, while the sample error increases as o increases. As expected, the change in o2 does
not effect the approximation error since the nominal interface will change only very slightly for each different value
of o, However, 02 does affect the expectation of the absolute error in the sample interfaces. For small variance, the
nominal error dominates the sample errors and the total error remains relatively constant, but as the variance in the
sample interfaces increases, the measurement error begins to dominate and the total error increases.

6. CONCLUSIONS

We have derived an efficient adjoint-based a posteriori error estimation formula for a diffusive process with an inter-
face whose location is defined by a relatively small number of experimental measurements, each of which is subject
to error. We assume the errors in the experimental measurements can be modelled by a Gaussian distribution and
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02 | E(|Total]) | |[Nominal| | E(|]Sample|) | Ratio
0.01 | 3.29e-02 3.43e-02 3.54e-03 0.10
0.05 | 3.01e-02 3.31e-02 1.28e-02 0.39
0.1 2.87e-02 3.30e-02 2.75e-02 0.83
0.2 4.46e-02 3.48e-02 5.56e-02 1.6
0.5 1.08e-01 2.90e-02 1.23e-01 4.2

TABLE 4: The expectation of the absolute value of the total error, the absolute value of the nominal error, and the
expectation of the absolute value of the sample error for N = 200 samples using Theorem 4.3. The ratio is the
expectation of the absolute value of the sample error to the absolute value of the nominal error.

construct spline approximations through realizations of the interface locations. We approximate the unknown true
interface with a “nominal” interface and compute the error of our numerical solution to this nominal problem. We
then compute the error for each sample interface problem as the error of the nominal problem plus a term that depends
upon the difference between the nominal and sample problems. By comparing the relative sizes of the nominal and
sample errors we can determine how to best decrease the error in our approximation, either via grid refinement or by
reducing the measurement errors.
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APPENDIX A. THE GENERAL (LINEAR) CASE

We develop the analogues of Theorems 4.2 and 4.3 for general linear operators.

APPENDIX A.1 The continuous problem

(This is the “nominal” problem in §2.3, i.e., our approximation to the true operator.)

Forward problem: Find u € U such that

(Lu,v) = (f,v) VeV, (A1)
where L : U +— V*and f € V*.
Adjoint operator: Define L* such that
(Lu,v) = (u, L*v) Yu € U,v €'V, (A.2)
where L : U+ V*and L* : V s U*.
Adjoint problem: Find ¢ € V such that
(w, L*$) = (w, ) Yw € U, (A.3)
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where {p € U*.
Error estimation: Given an approximate solution up, € Up, C U,lete = u — up € U. For{ € U™,
(e, W) = (e, L") = (Le,d) = (L — Lun, ).
Since ¢ € V, add zero in the form (f, d) — (L, ) to give
(e %) = (f — Lup, ¢) :== (R, §).
APPENDIX A.2 The discretized problem
A discrete approximation to the continuous nominal problem.

Discrete forward problem: Find @y, € U;, C U such that
(Ehﬁh,vh) = (f, vh) Yo, € Vi, C V.
Define

ol
Il
|
|
=~

=

Discrete adjoint operator Define EZ such that
(Lpup,vp) = (uh,fLth) Yup € Up,vn € Vy,
where Ly, : Uy — V;* and L} : Vi, — Uj.
Discrete adjoint problem Find ¢;, € V}, such that
(wp, Lidn) = (wp, ¥) Ywy, € Uy C U,
where {p € U*.

APPENDIX A.3 Discrete sample problems

Given N discrete sample problems and NV discrete operators L;ln), n=1,...,N.

Discrete sample forward problem: Find ugn) € U}, C U such that

(L™ wp) = (f,vn) Yon € Vi C V,
where L\ : Uy, — V.
Error estimation for discrete sample problems: Let

e™ =g — ugn) = (@ —ap) + (ap — ugl")) =e+ (up — ugln)) elU

hence
(™ ) = (£,) + (@ uﬁf’, )
= (e, ) + (un _uh thd)h)
= (&) + (Ln(an —u™), bn)
= (&) + (Ln(n — ™), dn) + (L uy"”, o)
= (&,%) + (Lnan — L ul™ dn) + (LYY — Lo)uf”, b)
= () + (Ly" = Lu)u™  dn),
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with the final simplification from (A.6) and (A.10) noting ¢y € V.

Note: If the right hand sides in (A.6) and (A.10) are fj and f,(Ln) respectively, there is an extra term of the form
(fn = £, @) in (A12).

If, further, it can be shown that
(LYY — Ln)(an — ul”), dn), (A.13)

is higher order, then
(™) = (e,0) + (LS — Ly)an, dn). (A.14)
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